Abstract. Let G = G(n) be a graph on n vertices with maximum degree bounded by some absolute constant ∆. Assign to each vertex v of G a list L(v) of colors by choosing each list uniformly at random from all k-subsets of a color set C of size σ(n). Such a list assignment is called a random (k, C)-list assignment. In this paper, we are interested in determining the asymptotic probability (as n → ∞) of the existence of a proper coloring ϕ of G, such that ϕ(v) ∈ L(v) for every vertex v of G. We show, for all fixed k and growing n, that if σ(n) = ω(n 1/k 2 ), then the probability that G has such a proper coloring tends to 1 as n → ∞. A similar result for complete graphs is also obtained: if σ(n) ≥ 1.223n and L is a random (3, C)-list assignment for the complete graph K n on n vertices, then the probability that K n has an L-coloring tends to 1 as n → ∞.
Introduction
Given a graph G, assign to each vertex v of G a set L(v) of colors (positive integers). Such an assignment L is called a list assignment for G and the sets L(v) are referred to as lists or color lists. If all lists have equal size k, then L is called a k-list assignment. We then want to find a proper vertex coloring ϕ of G, such that ϕ(v) ∈ L(v) for all v ∈ V (G). If such a coloring ϕ exists then G is L-colorable and ϕ is called an L-coloring. Furthermore, G is called k-choosable if it is L-colorable for every k-list assignment L.
This particular variant of vertex coloring is known as list coloring and was introduced by Vizing [10] and independently by Erdős et al. [5] .
Consider now the following problem: Assign lists of colors to the vertices of a graph G = G(n) with n vertices by choosing for each vertex v its list L(v) independently and uniformly at random from all k-subsets of a color set C = {1, 2, . . . , σ}. Such a list assignment is called a random (k, C)-list assignment for G. Intuitively it should hold that the larger σ is, the more spread are the colors chosen for the lists and thus the more likely it is that we can find a proper coloring of G with colors from the lists. The question that we address in this paper is how large σ = σ(n) should be in order to guarantee that with high probability 1 (as n → ∞) there is a proper coloring of the vertices of G with colors from the random list assignment.
This problem was first studied by Krivelevich and Nachmias [7, 8] for the case of powers of cycles and the case of a complete bipartite graph where the parts have equal size n. In the latter case they showed that for all fixed k ≥ 2, the property of having a proper coloring from a random (k, C)-list assignment exhibits a sharp threshold, and that the location of that threshold is exactly σ(n) = 2n for k = 2. In [3] , we generalized the second part of this result and showed that for a complete multipartite graph with s parts (fixed s ≥ 3) of equal size n, the property of having a proper coloring from a random (2, C)-list assignment, has a sharp threshold at σ(n) = 2(s − 1)n.
Let C r n be the rth power of a cycle with n vertices. For powers of cycles, Krivelevich and Nachmias proved the following theorem. Theorem 1.1. [7] Assume r, k are fixed integers satisfying r ≥ k and let L be a random (k, C)-list assignment for C r n . If we denote by p C (n) the probability that C r n is L-colorable, then
In [4] we generalized Theorem 1.1 for the case of random (2, C)-list assignments. The following theorem is the main result of [4] .
Theorem 1.2. [4]
Let g be a fixed odd positive integer and let G = G(n) be a graph on n vertices with girth g and maximum degree bounded by some absolute constant. Suppose that L is a random (2, C)-list assignment for G. If σ(n) = ω(n 1/(2g−2) ), then the probability that G has an L-coloring tends to 1 as n → ∞.
Note that Theorem 1.2 implies that σ(n) = ω(n 1/4 ) colors suffices for all asymptotic families of graphs with bounded maximum degree. In [4] it is also shown that Theorem 1.2 is best possible in the sense that for each fixed odd integer g and each integer n ≥ g there is a graph H = H(n, g) with n vertices, bounded maximum degree and girth g, such that if σ(n) = o(n 1/(2g−2) ), then the probability that H has a proper coloring from a random (2, C)-list assignment tends to 0 as n → ∞. Corresponding results are derived for graphs with even girth.
In this paper we consider random (k, C)-list assignments for fixed k ≥ 3. The main result of this paper is the following theorem. Theorem 1.3. Let G = G(n) be a graph on n vertices with maximum degree bounded by some absolute constant, k ≥ 3 a fixed positive integer, and L a random (k, C)-list assignment for G. If σ(n) = ω(n 1/k 2 ), then the probability that G has an L-coloring tends to 1 as n → ∞.
Note that Theorem 1.3 generalizes Theorem 1.1. Additionally, by Theorem 1.1 it is best possible. Furthermore, it is easy to verify that Theorem 1.3 holds (and is best possible) for the case when k = 1. Hence, Theorem 1.3 holds for any integer k ≥ 1.
Next, we consider the corresponding problem for a complete graph K n on n vertices. In [2] we proved that for a complete graph on n vertices, the property of being colorable from a random (1, C)-list assignment has a coarse threshold at σ(n) = n 2 . Moreover, for K n the property of being colorable from a random (2, C)-list assignment has a sharp threshold at σ(n) = 2n [4] . In this paper we give a lower bound on the size of C which ensures that with high probability K n has a proper coloring from a random (k, C)-list assigment when k ≥ 3.
There is a number s * ≈ 1.222 such that for any s > s * , if σ(n) ≥ sn, then the probability that K n has an L-coloring tends to 1 as n → ∞.
, then the probability that K n has an L-coloring tends to 1 as n → ∞.
Throughout the paper, our asymptotic notation and assumptions are standard. In particular, we assume that the parameter n is large enough whenever necessary.
Graphs with bounded maximum degree
In this section we prove Theorem 1.3. Let H be a graph and L a list assignment for H. If H is not L-colorable, but removing any vertex from H yields an L-colorable graph, then H is L-vertex-critical (or just L-critical). Obviously, if L is a list assignment for a graph G, and G is not L-colorable, then it contains a connected induced L-critical subgraph.
Suppose now that H − w 1 is L-colorable, where w 1 is some vertex of H. Given an L-coloring ϕ of H − w 1 , a path P = w 1 w 2 . . . w t in H is called (ϕ, L)-alternating if there are colors c 2 , c 3 , . . . , c t such that ϕ(w i ) = c i and c i ∈ L(w i−1 ), i = 2, . . . , t. We allow such a path to have length 0 and thus only consist of w 1 . The set of vertices which are adjacent to a vertex x in a graph G is denoted by 
and note that the color ϕ(u) does not appear in any list of vertices in F that are adjacent to u in H. (This follows from the fact that F contains all vertices that belong to (ϕ, L)-alternating paths with origin at v 1 ). Also note that the restriction of ϕ to
, the color ϕ(u) does not appear in lists of vertices in N H (u) ∩ V (F ), the restriction of ϕ to V (H) \ V (F ) and α together make up an L-coloring of H. This contradicts the fact that H is L-critical, and thus F = H. By the construction of F , (i) holds.
Next, note that (ii) holds, since suppose that there is some color c ∈ L(v 1 ), such that no neighbor of v 1 in H is colored c. This means that we can extend ϕ to a (proper) L-coloring of H, which contradicts that H is not L-colorable. Hence, (ii) is true.
Consider now the rank function R defined above. We show that (a) or (b) of condition (iii) holds for every vertex u of H − v 1 and for every color of L(u) \ {ϕ(u)}. Suppose that x ∈ W ϕ l , where l ≥ 1, and that there is some color c ∈ L(x) such that neither (a) nor (b) holds for x and c. Then no neighbor of x in H is colored c. Additionally, there is no vertex z ∈ N H (x), such that R(z) < R(x) and c ∈ L(z). Define a new coloring ϕ ′ of H − v 1 by setting
Clearly, ϕ ′ is a (proper) L-coloring of H − v 1 and since (b) does not hold for x and c, x / ∈ W ϕ ′ j , for j = 1, . . . , l − 1. Indeed, it is not hard to see that
Moreover, since (b) does not hold for x and c, W
, which together with (1) contradict that ϕ ∈ θ l . Hence, (a) or (b) holds for every vertex u of H −v 1 and every color in L(u)\{ϕ(u)}.
For a rank function R defined as in part (iii) of Lemma 2.1, we say that R is the rank function on V (H) induced by L and ϕ.
Let F be a connected induced subgraph of a graph G, v 1 a fixed vertex of F and R :
The next lemma gives an upper bound on the number of proper triples in a graph with bounded maximum degree. Proof. The number of pairs (F, v 1 ), where F is a connected induced subgraph of G on m vertices, and v 1 is a fixed vertex of F , does not exceed
because there are n ways of selecting v 1 , then we have ∆ choices for the next vertex of F , and there are thereafter at most (2∆) choices for the next vertex, etc. Now suppose that F is a connected induced subgraph of G and v 1 is a vertex of F . If (F, v 1 , R) is a proper triple, then R(v 1 ) = 0 and R(u) > 0 for each vertex u ∈ V (F ) \ {v 1 }. Since F − v 1 has m − 1 vertices, there are at most m − 1 ways of choosing R(u) for a vertex u ∈ V (F ) \ {v 1 } and thus the result follows.
Given a proper triple (F, v 1 , R) of a graph G and a list assignment L for G such that F is not L-colorable, we say that the quadruple (F, v 1 , R, L) is bad if there is an L-coloring ϕ of F − v 1 , such that F, v 1 , R, L and ϕ satisfy conditions (i)-(iii) of Lemma 2.1 (with F in place of H). In particular, R is the rank function on V (F ) induced by L and ϕ.
Consider a random (k, C)-list assignment for a graph G, where C = {1, 2, . . . , σ} and k is a positive integer. The next lemma gives an upper bound on the probability that for a given proper 
Proof. Suppose that (F, v 1 , R) is a proper triple in G. To estimate the probability that (F, We are now in position to prove Theorem 1.3. Let G = G(n) be a graph on n vertices with maximum degree bounded by some positive integer ∆, k ≥ 3 a fixed positive integer, and let L be a random (k, C)-list assignment for G.
Proof of Theorem 1.3. We will show that with high probability G has no connected induced Lcritical subgraph. This will imply the theorem.
By Lemma 2.1, it suffices to prove that if σ(n) = ω(n 1/k 2 ), then with high probability G does not contain a bad quadruple (F, v 1 , R, L). We will use easy first moment calculations.
If (F, v 1 , R, L) is bad, then F has at least k + 1 vertices. We first show that if (F, v 1 , R, L) is bad, then with high probability F contains at most ∆ k 2 vertices. Consider a path P on ν vertices in G with origin at some vertex v. The probability that there is an L-coloring ϕ of P − v, such that P is (ϕ, L)-alternating is at most
because there are at most σ(σ − 1) ν−2 ways of choosing the proper coloring ϕ and thereafter at most
ν−2 ways of choosing the list assignment L for P so that ϕ is an L-coloring of P − v and P is (ϕ, L)-alternating. Moreover, the number of distinct paths in G on ν vertices is at most n∆ ν−1 . Therefore, the expected number of paths P in G on at least k 2 + 1 vertices, for which there is an L-coloring ϕ of P − v such that P is (ϕ, L)-alternating is at most
since σ(n) = ω(n 1/k 2 ). Hence, by Markov's inequality, with high probability there is no L-coloring ϕ of a subgraph of G such that G contains a (ϕ, L)-alternating path of length k 2 + 1. Now, by Lemma 2.1, if F is a subgraph of G that belongs to a bad quadruple (F, v 1 , R, L), then there is an L-coloring ϕ of F − v 1 such that all vertices of F lie on (ϕ, L)-alternating paths with origin at v 1 . Since with high probability the maximum length of such a path in G is at most k 2 , the maximum number of vertices in a subgraph of G that is in a bad quadruple is with high probability at most
Let X m be a random variable counting the number of bad quadruples (F, v 1 , R, L) in G such that F has m vertices and set
Lemma 2.3 gives an upper bound on the probability that a given proper triple of G on m vertices is part of a bad quadruple. Additionally, by Lemma 2.2,
where f (m) is the number of proper triples (F, v 1 , R) in G such that F has m vertices. Let p m be the least number such that
whenever (F, v 1 , R) is a proper triple in G and F has m vertices. Since such a subgraph F with high probability has at most ∆ k 2 vertices if (F, v 1 , R, L) is bad, we conclude from Lemmas 2.2 and 2.3 that
provided that σ(n) = ω(n 1/k 2 ).
Graphs with girth greater than 3
As mentioned before, Theorem 1.3 is best possible for general graphs with bounded maximum degree. Consider a graph G = G(n) on n vertices with bounded maximum degree and Θ(n) (k + 1)-cliques, where k is a fixed integer satisfying k ≥ 2. Let L be a random (k, C)-list assignment for G, where C = {1, 2, . . . , σ}. For such a graph, the threshold for the property of being L-colorable coincides with the threshold for disappearence of (k + 1)-cliques where each vertex has the same list; that is, when σ(n) = ω(n 1/k 2 ), then with high probability G has no such cliques, and when σ(n) = o(n 1/k 2 ), then with high probability G contains a (k + 1)-clique where the vertices have identical lists. Hence, we might expect that if H = H(n) is a triangle-free graph (and thus has no (k + 1)-cliques if k ≥ 2) on n vertices with bounded maximum degree and L is a random (k, C)-list assignment for H, then we can find a better bound on σ(n) and still guarantee that with high probability H is L-colorable. As we will see, this is indeed the case. We will proceed as in the proof of Theorem 1.3 and use first moment calculations to show that if L is a random (k, C)-list assignment for H and σ(n) is large enough, then with high probability H has no connected induced L-critical subgraph and thus is with high probability L-colorable. We need the following theorem.
Then a graph G with minimum degree δ and girth g has at least n 0 (g, δ) vertices.
The case when k = 2 was dealt with in [4] , so assume that k is a fixed integer satisfying k > 2, g ≥ 4 is a fixed integer, H = H(n) is a graph on n vertices, the maximum degree of H is bounded from above by a positive integer ∆, and H has girth at least g. Suppose that
, where n 0 is defined as in Theorem 3.1, and let L be a random (k, C)-list assignment for H. If H contains a connected induced L-critical subgraph F , then F has minimum degree at least k. Since F has girth at least g, Theorem 3.1 implies that F has at least n 0 (g, k) vertices. We set Q(k) = n 0 (g, k), and by Theorem 3.1, we have
, if g is odd,
Moreover, by proceeding as in the proof of Theorem 1.3, it is not hard to show that if F is L-critical and thus by Lemma 2.1 belongs to a bad quadruple (F, v, R, L) of H, then with high probability F contains at most r(∆, g, k) vertices, where r(∆, g, k) is a function that only depends on ∆, g and k.
(In particular, r(∆, g, k) does not depend on n.) Hence, by Lemma 2.1, it suffices to prove that with high probability H contains no bad quadruple (
Let Z m be a random variable counting the number of bad quadruples (F, v, R, L) in H such that F has m vertices, and set
Using Lemmas 2.2 and 2.3 we may now conclude that
. Let us determine (k − 1)Q(k) + 1 explicitly for some small values of g. When g = 4, then we have to require that σ(n) = ω(n 1/(2k 2 −2k+1) ) to ensure that there is an L-coloring of H with high probability, and when g = 5, then it suffices to require that σ(n) = ω(n 1/(k 3 −k 2 +k) ). We collect these results in the following proposition.
Proposition 3.2. Let G = G(n) be a graph on n vertices with bounded maximum degree and fixed girth g. Suppose that k is a fixed integer satisfying k ≥ 3 and that L is a random (k, C)-list assignment for G.
(i) If g = 4 and σ(n) = ω n 1/(2k 2 −2k+1) , then with high probability G has an L-coloring.
(ii) If g = 5 and σ(n) = ω n 1/(k 3 −k 2 +k) , then with high probablity G has an L-coloring.
(iii) If g > 5, then there is a polynomial P (k) in k of degree ⌈g/2⌉, such that if σ(n) = ω n 1/P (k) , then with high probability G is L-colorable. Moreover,
where Q(k) is given by (2).
Remark. Proposition 3.2 is not best possible. Consider, for example, the simplest case when g = 4.
The lower bound σ(n) = ω(n 1/(2k 2 −2k+1) ) comes from the fact that a graph with minimum degree k and girth 4 contains at least 2k vertices. If k = 3, then the unique minimal graph with girth 4 and minimum degree 3 is the complete bipartite graph K 3,3 . Thus K 3,3 is the smallest graph which might be in a bad quadruple in G. However, K 3,3 is easily verified to be 3-choosable, which means that it cannot be in a bad quadruple in G. Hence, the smallest graph which might be in a bad quadruple in G has at least 7 vertices and consequently: for the case when k = 3 and g = 4 it is possible to establish a better lower bound on σ in Proposition 3.2. In general, to get better bounds in Proposition 3.2, we would need to know how many vertices the smallest non-k-choosable graph with girth g has.
Complete graphs
In this section we prove Theorem 1.4. Recall that C = {1, 2, . . . , σ(n)}. Note that in general, if L is a list assignment for K n with colors from C and K n is L-colorable, then σ(n) ≥ n. Consider a random (k, C)-list assignment L for K n , where k ≥ 3 is a fixed integer. In order to prove Theorem 1.4 we will use the standard uniform probability space of k-uniform random hypergraphs H k (n, m). We will also need to consider the space H * k (n, m) consisting of all k-uniform multihypergraphs on n labelled vertices and m edges and where each such multihypergraph is equally likely.
The following reformulation of the original problem will prove useful: Let L be a k-list assignment for K n , where the colors of each list are chosen from C. Define the hypergraph T = T (L) by letting C be its vertex set and include the edge {c 1 , . . . , c k } in E(T ) if and only if L(v) = {c 1 , . . . , c k } for some vertex v of K n (multiple edges allowed). If L is a random (k, C)-list assignment, that is, the color lists are chosen uniformly at random from all k-subsets of C, then clearly T is a random hypergraph distributed as H * k (σ, n). However, the expected number of pairs of multiple edges in T is σ k
if k ≥ 3 and σ = Θ(n). Thus, by Markov's inequality we may simply ignore multiple edges and consider T distributed as H k (σ, n).
We will now show that K n has an L-coloring if and only if there is an injective mapping f : E(T ) → V (T ), such that if f (e) = v then e contains v, for all edges e and vertices v in T . If f satisfies this condition and is injective then f is allowed.
Given an allowed map f : E(T ) → V (T ), we simply color the vertex u ∈ V (K n ) with the color f (e), where e is the edge of T corresponding to L(u). Since f is injective, this will result in a (proper) L-coloring of K n . Conversely, suppose that ϕ is an L-coloring of K n . Then ϕ defines an allowed map f : E(T ) → V (T ) in the following way: suppose that v ∈ V (K n ) with L(v) = {c 1 , . . . , c k } and ϕ(v) = c 1 . Then e = {c 1 , . . . , c k } is the edge in T corresponding to L(v) and we set f (e) = c 1 . Since ϕ is a proper coloring of V (K n ), we obtain an allowed map f : E(T ) → V (T ) by repeating this for every vertex of K n . Now consider a bipartite graph B with parts V = V (T ) and E = E(T ) and where v ∈ V and e ∈ E are adjacent if e contains v in T . An allowed map f : E → V corresponds to a matching in B that saturates every vertex of E. 2 By Hall's condition, such a matching exists unless there is a set S ⊆ E such that |N B (S)| < |S|, where N B (S) is the set of vertices in B that are adjacent to some vertex in S. Suppose that there is such a set in B and let S be a minimal such set. It is not hard to show that then |S| = |N B (S)| + 1, every vertex in N B (S) is adjacent to at least two vertices in S, and B[S ∪ N B (S)] is connected. In T , B[S ∪ N B (S)] corresponds to a connected subhypergraph with |S| − 1 vertices, |S| edges and minimum degree at least 2 (in the subhypergraph). We call such a subhypergraph bad.
By the above reformulation, to prove Theorem 1.4 it suffices to show that if T is a random hypergraph distributed as H 3 (n, m), then there is a number s * ≈ 1.222 such that for any s > s * , if sm ≤ n, then with high probability T does not have a bad subhypergraph. To obtain as optimal value of s * as possible we would need a good upper bound on the number of connected hypergraphs F with minimum degree 2, t vertices and t + 1 edges when t = Θ(n). (It is well-known, see e.g. [9] , that if T is distributed as H 3 (n, m) and m = Θ(n), then with high probability every induced subhypergraph of T of order o(n) has average degree less than 3.) However, as finding such a useful upper bound seems difficult, we will use the following theorem, which is easily seen to follow from Theorem 1 in [9] . An r-core in a hypergraph is a non-empty connected maximal subhypergraph of minimum degree at least r. Obviously, if T has a bad subhypergraph, then it has a non-empty 2-core. (Theorem 1 in [9] was originally proved for the model H k (n, p), where each of the n k potential edges is present with probability p, independently of all other potential edges. Since the
